Counting substructures II: triple systems 



Dhruv Mubayi 
May 12, 2009 



Abstract 

For various triple systems F, we give tight lower bounds on the number of copies of 
F in a triple system with a prescribed number of vertices and edges. These are the first 
such results for hypergraphs, and extend earlier theorems of Bollobas, Prankl, Fiiredi, 
Keevash, Pikhurko, Simonovits, and Sudakov who proved that there is one copy of F. 

A sample result is the following: Fiiredi-Simonovits [10] and independently Keevash- 
Sudakov [15] settled an old conjecture of Sos [28] by proving that the maximum number 
of triples in an n vertex triple system (for n sufficiently large) that contains no copy of 
the Fano plane is p{n) = (^^/^l) [n/2j + (L"/2J) \n/2\. 

We prove that there is an absolute constant c such that if n is sufficiently large and 
1 < 5 < cn^, then every n vertex triple system with p{n) + q edges contains at least 

e,((L"fJ).,r„/2i-3)(L"fJ 

copies of the Fano plane. This is sharp for q < n/2 — 2. 

Our proofs use the recently proved hypergraph removal lemma and stability results 
for the corresponding Turan problem. 
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1 Introduction 



Many mathematical problems enjoy the supersaturation phenomenon which, broadly speak- 
ing, says that once we have sufficiently many objects of a particular type to guarantee the 
existence of a specific configuration, then we find not just one but many copies of this con- 
figuration. The objects can be edges in a graph, points in the plane, subsets of integers, etc. 
One well-known example is Szemeredi's theorem about the existence of arithmetic progres- 
sions of length k in a subset S C {1, . . . ,n} with S sufficiently large. It is known that if 
IS"! > en (with e > fixed and n sufficiently large) then we are guaranteed not just one, but 
Ck^e^"^ arithmetic progressions of length k from S (see Tao [30] or Varnavides [3T]). 

Perhaps the early examples of this phenomenon came from graph theory. Mantel proved 
that a graph with n vertices and [n^/4j + 1 edges contains a triangle. Rademacher extended 
this by showing that there are at least [n/2\ copies of a triangle. Subsequently, Erdos [ll[5] 
proved that ii q < cn for some small constant c, then [n^/4j + q edges guarantees at least 
q\_n/2\ triangles. Later Lovasz and Simonovits [16] proved that the same statement holds 
with c = 1/2, thus con&ming an old conjecture of Erdos. They also proved similar results 
for complete graphs. 

In this paper (the second in a series) we initiate the study of this phenomenon to fc-uniform 
hypergraphs (/c-graphs for short). In the ffist paper of this series [18], we had extended 
the results of Erdos and Lovasz-Simonovits in two ways. First, we proved such statements 
for the broader class of color critical graphs. Second, we showed that all the copies of the 
required subgraph were incident to a small number of edges or vertices. For example, in a 
graph with n vertices and [n^/4j + q edges, [H \5[ dn] do not give information about how 
the q\n/2\ triangles are distributed. In [TH], we proved that as long as g = o(n) there are 
(1 — o(l))gr;,/2 triangles incident with at most q vertices. 

The main new tool we have at our disposal is the recently proved hypergraph removal lemma, 
which is a consequence of the hypergraph regularity lemma (see Gowers [11], Nagle-Rodl- 
Schacht [23j, Rodl-Skokan [SB], Tao [2S])- The novelty in this project is the use of the removal 
lemma to count substructures in hypergraphs rather precisely. 

Theorem 1. (Hypergraph Removal Lemma |11L I23|, I26|, I29| ) Fix k > 2 and a k-graph 
F with f vertices. Suppose that an n vertex k-graph Ti has at most o{n^) copies of F. Then 
there is a set of edges in Ti of size o{n'^) whose removal from Ti results in a k-graph with no 
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copies of F. 



Given a /c-graph F, let ex(n, F), the Turan number of F, be the maximum number of edges 
in an n vertex /c-graph with no copy of F. For k > 2, determining the Turan number is a very 
difficult problem, and there are only sporadic results. Many of these were obtained recently 
by using the so-called stability approach first introduced by Erdos and Simonovits [27] in 
the late 1960's. Here we take this project one step further by giving asymptotically sharp 
results on the number of copies of a fc-graph F in a fc-graph with n vertices and ex(n, F) + q 
edges. In two cases we are able to count the exact minimum number of copies even though 
this number is quite complicated (see the abstract). 

In essentially all cases where ex(n, F) is known (when /c = 3), it turns out that one is guaran- 
teed many copies of F as long as there are ex(n, F) + l edges, so we extend all previous results 
that determine ex{n,F). It is somewhat surprising that although determining ex{n,F) for 
these hypergraphs F is quite difficult (in some cases they were decades old conjectures that 
were only recently settled), we are able to count quite precisely the number of copies of F 
as long as the number of extra edges q is not too large. Typically we can allow q = o{n'^) for 
the 3-graphs we consider. 

Here we should also mention the relationship between this project and recent work of Niki- 
forov [22] and Razborov [25] that gives asymptotically sharp estimates on the minimum 
number of triangles in a graph with n vertices and [n^/4j +q edges, where q = f2(?T,^). There 
are at present no such results for fc-graphs for k > 2, and little hope of achieving them. 
Moreover, even if such results were to be proved, they would apply only when q = Q{n''), so 
the results of the type [221 121] will not overlap with ours. 

Our proofs all have the following basic structure: Suppose we are given Ti. with sufficiently 
many edges and we wish to find many copies of F in Ti. First we observe that if the number 
of copies of F is very large, then we already have the bound sought. Consequently, we can 
use the hypergraph removal lemma to delete a small proportion of edges of 7i so that the 
resulting triple system has no copies of F. Next we use the stability results that guarantee 
the approximate structure of Ti. At this point the techniques depend highly on the particular 
structure of F and of Ti. The technical details are more involved than for the usual Turan 
problem, since it is not enough to find just one copy of F. At the end of the analysis, we 
are able to describe quite precisely how the copies of F are distributed within H. 

We illustrate our approach on four excluded hypergraph problems, each of which has been 
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studied quite a lot. 



Definition 2. Let F have the property that for sufficiently large n, there is a unique (up 
to isomorphism) 3-graph 7i{n) with ex{n,F) edges. Let c{n,F) be the minimum number of 
copies of F in the 3-graph obtained from Tiin) by adding an edge, where the minimum is 
taken over all possible ways to add an edge. 

Our theorems all say that if ?i is an n vertex 3-graph with ex(n, F) + q edges, then the 
number of copies of F in ?i is essentially at least gc(n, F) . In the next subsections we will 
state our results precisely. 

There remain a few more exact 4-graph results in the literature where we could possibly use 
this approach for the counting problem. We will give the corresponding counting results for 
all of these problems in a forthcoming paper |19j, the third in this series. 

Notation: We associate a hypergraph with its edge set. The number of edges in a hypergraph 
7i is Given hypergraphs F, Ti {F has / vertices), a copy of F in 7i is a subset of / vertices 
and |F| edges of H such that the subhypergraph formed by this set of vertices and edges is 
isomorphic to F. In other words, if we denote Aut{F) to be the number of automorphisms 
of F, then the number of copies of F in ?i is the number of edge-preserving injections from 
V{F) to V(H) divided by Aut{F). For a set S of vertices, define d-^i^S) to be the number of 
edges of Ti containing S. If S* = {f }, we simply write dfi{v). We will omit floor and ceiling 
symbols whenever they are not crucial, so that the presentation is clearer. 

1.1 Fano plane 

Let F be the projective plane of order two over the finite field of order two. An explicit 
description of F is {124, 235, 346, 457, 561, 672, 713}, obtained from the difference set {1, 2, 4} 
over Z-j. It is well known that F is not 2-colorable, hence it cannot be a subgraph of any 

2- colorable 3-graph. Say that a 3-graph Ti is bipartite (or 2-colorable) if it has a vertex 
partition AU B such that every edge intersects both parts. Let P'^{n) be the bipartite 

3- graph with the maximum number of edges. Note that 

p\n) := \P\n)\ = max | Q {n - a) + ~ ^) a| = (3/4 + o(l)) Q 
is uniquely achieved by choosing a G {[?t-/2J, [72/2]}. 
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Sos [28] conjectured, and Keevash-Sudakov [15] and Fiiredi-Simonovits [TO] independently 
proved that among all n vertex 3-graphs (n sufficiently large) containing no copy of F, the 
unique one with the maximum number of edges is P^{n). Thus c(n, F) is defined and in fact 

c(n,F) -6 ((L-/2J^ _^^^^/2l -3)(L-/2J^^ ^ (20 + o{mn/A)\ 

This is achieved by adding an edge to the part of size \n/2]. Indeed, if we add a triple 123 
to this part, then one way to make a copy of F is to take four points a, b, c, d from the other 
part, partition the six pairs among {a,b,c,d} into three perfect matchings mi,m2,m3, and 
use the edges {i} U p where p G nii, for each i to form a copy of F. There are ('-"{^-') ways 
to pick a, b, c, d and for each such choice there are six ways to choose 1711,1712, m^. The only 
other way to form a copy of F using 123 is to pick four points a, b, c, d with a in the same part 
as 1 and b,c,d in the other part. Then proceeding as before, we obtain 6([r2/2] — 3) ('-"3^-') 
copies of F. Altogether we obtain c{n, F) copies. 

Our ffist result shows that a 3-graph with p^{n) + q edges has at least as many copies of F 
as a 3-graph obtained from P^{n) by adding q edges in an optimal way. The precise number 
we can add is 



q{n,¥) = 



n 


if 


n 


is 


even and n/2 = 


E (mod 4) 


n-2 


if 


n 


is 


even and n/2 = 


E 1 (mod 4) 


n- A 


if 


n 


is 


even and n/2 = 


E 2, 3 (mod 4) 


\nl2\ 


if 


n 


is 


odd and \n/2~\ 


= (mod 4) 


\n/2\ - 1 


if 


n 


is 


odd and \n/2~\ 


= 1 (mod 4) 


^ \n/2^ - 2 


if 


n 


is 


odd and \n/2~\ 


= 2,3 (mod 4) 



Theorem 3. There exists an absolute constant e > such that if n is sufficiently large and 
1 < ^7 < , then the following holds: 

• Every n vertex 3-graph with p^{n) + q edges contains at least qc{n, F) copies ofF. This is 
sharp for all q < q{n, F). 

• Ifq> q{n,F), then every n vertex 3-graph withp^{n) + q edges contains at least qc{n,F) + 1 
copies ofF. 
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Remark. For q > q{n, F), our proof actually gives at least gc(n, F) + 2(L"fJ) copies of F. 

To see that Theorem [3] is tight for q < q{n,F) observe that we may add q edges to P^{n) 
with every two edges sharing zero or two points. If n is even, we do this by adding to each 
part of P^{n) the maximum number of edge that pairwise share zero or two points. This is 
achieved by adding disjoint copies of Kf, the complete 3-graph on four points, or collections 
of edges that pairwise share the same two points. If n is odd, then we add edges only to the 
larger part. Each added edge lies in exactly c{n, F) copies of F and no two added edges lie 
in any copy of F. So the total number of copies of F is exactly qc{n, F). 

Theorem [3] is asymptotically sharp in a much larger range of q. In particular, we have the 
following. 

Proposition 4. For every e > there exists 5 > and no such that the following holds 
for all n > nQ and q < dn^ . There is an n vertex 3-graph with p^{n) + q edges and at most 
(l + e)gc(n,F) copies ofF. 



1.2 Cancellative triple-systems 



Say that a 3-graph is cancellative if whenever AU B = AUC we have B = C. An equivalent 
definition is to simply say that the 3-graph does not contain a copy of two particular 3-graphs: 
Fs = {123, 124, 345} and Kf" = {123, 124, 234}. Write 



n + 1 



n + 2 



for the number of edges in T^{n), the complete 3-partite 3-graph with the maximum number 
of edges. It is easy to see that T^{n) is cancellative. 

Katona conjectured, and Bollobas [2j proved, that the maximum number of edges in an n 
vertex cancellative 3-graph is t^{n), and equality holds only for T^{n). Later Frankl and 
Fiiredi [7j refined this by proving the same result (for n > 3000) even if we just forbid F^. 
Recently, Keevash and the author [T3] gave a new proof of the Frankl-Fiiredi result while 
reducing the smallest n value to 33. 

It is easy to see that c(n, F5) = 3(ra/3)^ -|- Q{n) and this is achieved by adding a triple to 
T^{n) with two points in the largest part. In fact, even if we add a triple within one of the 
parts we get almost the same number of copies of F5. Our second result shows that this is 
optimal, even when we are allowed to add as many as o(n) edges. 
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Theorem 5. For every e > there exists 6 > and hq such that the following holds for 
n > Uq. Let Ti he a 3-graph with t^{n) +q edges where q < 6n. Then the number of copies of 
-F5 in Ti is at least g(l — e)c{n, F^). This is asymptotically sharp for 1 < q < 6n. Moreover, 
if the number of copies is less than 6n^, then there is a collection of q distinct edges that 
each lie in (1 — e)c{n, F5) copies of F^ with no two of these edges accounting for the same 
copy of F^. 

1.3 Independent neighborhoods 

The neighborhood of a (/c — l)-set S of vertices in a fc-graph is the set of vertices v whose 
union with S forms an edge. A set is independent if it contains no edge. We can rephrase 
Mantel's theorem as follows: the maximum number of edges in a 2-graph with independent 
neighborhoods is [?t,^/4J. This formulation can be generalized to A; > 2 and there has 
been quite a lot of recent activity on this question. We focus here on A; = 3, and observe 
that a 3-graph has independent neighborhoods if and only if it contains no copy of -B5 = 
{123, 124, 125,345}. A 3-graph Ti has a (2, l)-partition if it has a vertex partition AVJ B 
such that |e n yl| = 2 for all e G 7Y. Let B^{n) be the 3-graph with the maximum number of 
edges among all those that have n vertices and a (2, l)-partition. Note that 



is achieved by choosing a = [2n/3j or a = [2n/3]. 

The author and Rodl |2T] conjectured, and Fiiredi, Pikhurko, and Simonovits [9J proved, 
that among all n vertex 3-graphs {n sufficiently large) containing no copy of B^, the unique 
one with the maximum number of edges is B^{n). 

It is easy to see that c{n,B^) = 2{n/3)'^ + G(n) and this is achieved by adding a triple to 
T^{n) contained in the larger part. In fact, even if we add a triple within the smaller part 
we get almost the same number of copies of B^. Our third result shows that this is optimal, 
even when we are allowed to add as many as o(?t,^) edges. 

Theorem 6. For every e > there exists 6 > and uq such that the following holds for 
n> uq. Let Ti be a 3-graph with b^{n) + q edges where q < Sn^. Then the number of copies of 
-B5 in Ti is at least q{l — e)c{n, B^). This is asymptotically sharp for 1 < q < br? . Moreover, 
if the number of copies is less than bn^ , then there is a collection of q distinct edges that 
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each lie in (1 — £)c{n,B^,) copies of with no two of these edges accounting for the same 
copy of Br,. 

1.4 Expanded Cliques 

Let Lr be the 3-graph obtained from the complete graph Kj. by enlarging each edge with a 
new vertex. These new vertices are distinct for each edge, so Lr has lr = + (l) = ('^2^) 
vertices and (2) edges. Write Tj^^n) for the complete r-partite 3-graph with the maximum 
number of edges. So Triji) has vertex partition ViU- ■ -UK, where rii := \Vi\ = [{n+i — l)/r\, 
and all triples with at most one point in each Vi. Define 

tUn):=\T^{n)\= H^^" 

Every set of r + 1 vertices in Tr{n) contains two vertices in the same part, and these two 
vertices lie in no edge. Consequently, ^ Tr{n). 

The author \I7] conjectured, and Pikhurko [21] proved, that among all n vertex 3-graphs 
containing no copy of L^+i {r > 3 fixed, n sufficiently large), the unique one with the 
maximum number of edges is Tr{n). Thus c(n, Lr+i) is defined and in fact 

c(n, Lr+i) = (1 + 0(1)) (^(^1 - ' ^ X (^^y = e(n''+-3) 

and this is achieved by adding a triple with exactly two points in a largest part. Our final 
results shows that this is asymptotically optimal, even when we are allowed to add as many 
as o(n^) edges. 

Theorem 7. (Asymptotic Counting) Fix r > 3. For every e > there exists 6 > 
and hq such that the following holds for n > uq. Let Ti he a 3-graph with t^{n) + q edges 
where q < . Then the number of copies 0/ L^+i in Ti is at least g(l — £:)c(n, L^+i) . 
The expression q is sharp for 1 < q < Sn^ . Moreover, if the number of copies is less than 
6n^ 2 )~i^ then there is a collection of q distinct edges that each lie in {l — e)c{n,Lr+i) copies 
of Lr+i with no two of these edges accounting for the same copy of Lr+i. 

Our next result improves the asymptotic counting result above to an exact result, with a 
more restricted range for q. 
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Theorem 8. (Exact Counting) Fix r > 3, q > and let n he sufficiently large. Every n 
vertex triple system with tliji) + q edges contains at least gc(n, L^+i) copies of L^+i- 

Theorem [8] is clearly tight, as we may add an appropriate set of q pairwise disjoint edges to 
T^{n) such that each edge lies in exactly c(?t,, L^+i) copies of 

Throughout the paper we will frequently use the notation 5 <^ e, which means that 5, and 
any function of 5 (that tends to zero with 5) used in a proof is smaller than any function of 
e used in the proof. It is pretty difficult to write the precise dependence between 5 and e as 
one of the constraints comes from an application of the removal lemma. 

2 Counting Fano's 

In this section we will prove Theorem [3] and Proposition |H We need some lemmas about 
binomial coefficients. 

Lemma 9. Let x,y,t > be integers with x + y = n, t < and s = \^2tl(n — 2)] . 
Suppose that n is sufficiently large and 



Then [n/2\ - s <x < \n/2] + s and if t < {n - 2)/2, then [n/2\ - s<x < \n/2'\ + s. 

Proof. Suppose for contradiction that x > \n/2] + s (the upper bound on t ensures that 
s < 2^Jn and hence x < 3n/4). Write 



Note that p^(n) = f{\n/2\) = /([n/2]). Our goal therefore is to obtain the contradiction 
f{x) < f{\n/2]) - t. Observe that 





fn — x\ 1 

i 2 )^ = 2(^~2^^("'~^^• 




Applying this repeatedly beginning with a = \n/2~\ we obtain 

\n/2\+s-l 




(2a + 1 - n) 



a=\n/2\ 




n). 
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The choice of s gives 

^s{n - 2){s + 2\n/2] - n) > ^s'^{n - 2) > t (1) 

and therefore /(x) < /([n/2])— t. We conclude that x < \n/2']+s. Repeating this argument 
with X replaced by y gives y < [?t-/2] + s and hence x > \n/2\ — s. 

If t < {n — 2)/2, and x > \n/2'] +s, then we only have f{x) < f{\n/2'] +s). However the last 
inequality in ([1]) is strict (since s > 1) and we again get the same contradiction. Therefore 
X < [n/2] + s and by a similar argument, x > \n/2\ — s. □ 

Recall that 

c(„,F):^6((^"f)+(r„/21-3)(LfJ)), 



Lemma 10. Let x,y,s be positive integers with x + y = n sufficiently large, ln/2\ — s < 
X < \n/2l + s and s < n/10. Then 



6 [ij + Q{x - 3) > cin, F)-{s + 3)n=^ 

Proof Define f{y) = 6^) + 6{n - y - 3)(^) and a = [n/2\. Then c(n, F) = /(a). We first 
observe that f{y) is increasing for 1 < y < n — A. Indeed, 

f{y + i)-f{y) = Q(^(^^+{n-y-^)(^^l^^-{n-y-3)(^^^ 

and the condition on y shows that this is positive. The condition \ n/2\ — s < x < [r2/2] + s 
implies that l<a — s<?/<a+l + s<n — 4 and so f{y) > f{a — s). Therefore 

cin,F)-fiy)<fia)-fia-s) 

fa^ (a-s-3Y , , Aa-s-2f 
<6^--^^P^ + (n-a-3)--(n-a + .-3)^ ^ 

< 6 - - '"'j - + ^"-^"-'^ (a^ - (a^ - 3a^. - 6a^)) (2) 

^,4a3s + 12a3 - « - 3)(3a2s + Ga^^ 
6 ' 



4! 6 

< a^s + 3a^ + 3a^sn + 6a^n 

< (s + 3)nl 
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Note that ([2]) follows from the inequalities (a — b)^ > — Aa^b and [a — 6)^ > a'^ — Sa^b 
which hold for < 6 < 3a/2; since s < n/10 we have < s + 2 < 3a/2 — 1. This completes 
the proof of the Lemma. □ 

We will need the following stability result proved independently by Keevash-Sudakov [15] 
and Fiiredi-Simonovits [lOj. 

Theorem 11. (F Stability |10L 115] ) LetTi he a 3-graph with n vertices andp^{n) — o{n^) 
edges that contains no copy ofF. Then there is a partition of the vertex set ofTi into XVJY 
so that the number of edges that are within X or within Y is o{n?). In other words, Ti can 
he obtained from P^{n) by adding and deleting a set of o{n^) edges. 

Remark. The o(l) notation above should be interpreted in the obvious way, namely 
V/3, 37, no such that if > no and |7i| > p^{n) — 7n^, then Ti. = P^{n) ± (3n^ edges. We will 
not explicitly mention the role of (3, 7 when we use the result, but it should be obvious from 
the context. A similar comment applies for all applications of Theorem [TJ 

Proof of Theorem [3l Let < 5 ^ £ ^ 1. Write 05(1) for any function that approaches 
zero as 6 approaches zero and moreover, 0^(1) ^ e. We emphasize that e is an absolute 
constant. Let n be sufficiently large and let 7i be an vertex 3-graph with p^(n) + q edges 
with q < en^. Write #F for the number of copies of F in Ti. 

If #F > n^, then since c(n, F) < n^, we have #F > en^c(n, F) > gc(n, F) and we are done so 
assume that #F < n^ = (l/n)n^. Since n is sufficiently large, by the Removal lemma there 
is a set of at most 6n^ edges of Ti. whose removal results in a 3-graph Ti' with no copies of F. 
Since > p^{n) — 6n^, by Theorem [TTl we conclude that there is a bipartition of Ti' (and 
also of 7i) such that the number of edges contained entirely within a part is 05 (n^). Now 
pick a bipartition X UY of Ti. that maximizes e{X, Y), the number of edges that intersect 
both parts. We know that e{X, Y) > p^{n) —os{n^), and an easy calculation also shows that 
each of X, Y has size n/2 ± os{n). 

Let B be the set of edges of Ti that lie entirely within X or entirely within Y and let 
G = Ti — B. Let M be the set of triples which intersect both parts that are not edges of Ti. 
Then G U M is bipartite so it has at most p^{n) triples. Consequently, 

q+\M\< \B\ < osin^). 

Also, |7i| = IGI + \B\ so we may suppose that \G\ = p'^{n) — t and \B\ = q + t for some t > 0. 
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For an edge e e let F(e) be the number of copies of F in 7i containing the unique edge e 
from B. 

If i = 0, then G = P^{n) and F(e) > c{n, F) for every e e S (by definition of c{n, F)) so we 
immediately obtain #F > qc{n,F). li q > q{n,F) and F(e) = c(n, F) for every e E B, then 
there are two edges e,e' E B such that |ene'| = 1. To see this when n is even, observe that if 
no two such edges exist, then every two edges of B within X intersect in zero or two points, 
and the same holds for the edges of B within Y. The maximum number of edges that one 
can add to P^{ri) with this property is q{n, F), as every component is either a subset of Kf 
or a sunflower with core of size two. For n odd we can only have edges in the larger part 
and again the same argument applies. 

Wc deduce that the number of copies of F containing e or e' is at least F(e) +F(e') +F(e, e') 
where F(e, e') is the number of copies of F in 7i containing both e and e'. It is easy to see 
that F(e,e') > 1 (in fact, we have F(e,e') > 2(L"fJ)). 

We may therefore assume that t > 1 and we will now show that #F > gc(n, F). Partition 
S = Si U ^2, where 

Bi^{eeB: F(e) > (1 - e)c{n, F)}. 
A potential copy of F is a copy of F in G U M U S that uses exactly one edge of B. 

Claim 1. \Bi\ > {1 - e)\B\ 

Proof of Claim. Suppose to the contrary that \B2\ > £|-B|. Pick e = uvw e B2. Write B2 — 
Bxxx U Byyy, where the subscripts have the obvious meaning. Assume by symmetry that 
e e Bxxx- For each Y' — {yi, . . . , 1/4} E (^), we can form a copy of F as follows: Partition 
the six pairs of Y' into three perfect matchings — {e^, e(^}, = {ey,e'^}, — {ew,e'^} 
and for each x E e, add the two triples x U and x U e'^. There are six ways to choose 
the matchings Lu,Ly,Lu,, so each choice of Y' gives six potential copies of F containing e. 
Altogether we obtain 6('P) potential copies of F. The only other way to form a copy of F 
using e is to pick four points a, b, c, d with a E X — e and {6, c, d} E (3) . Then proceeding as 
before, we obtain6(|X|-3)(l3l) copies of F. This gives a total of (1 — os{l))c{n, F) potential 
copies of F containing e. At least {e/2)c{n,F) of these potential copies of F have a triple 
from M, for otherwise 

F(e) > (1 - 05(1) - e/2)c{n, F) > (1 - e)c{n, F) 

which contradicts the definition of B2. The triple from M referenced above lies in at most 
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2(|X||F| + ('^')) < copies of F, so the number of triples in M counted here is at least 

(£/2)c(n,F) 



> (e/30)n^ 



At least a third of these triples from M are incident with the same vertex of e, so we conclude 
that there exists x E e such that dM{x) > (£/100)n^. Let V — X UY and let 

A^{veV: duiv) > (s/lOO)^^}. 

We have argued above that every e G B2 has a vertex in A. Consequently, 

^^dB^{v) > 3\B2\ > 3e\B\ > 3e\M\ >e^dMiv) > e\A\{e/100)n^, 

and there exists a vertex u E A such that dB2{u) > (£^/300)n^. Assume wlog that u E X so 
that dB^^M > {e'^/^OOW- 

Let HxYY be the set of edges in H with exactly one point in X. We may assume that 
^HxYvi'^) — ^Bxxx('^)> otherwise we may move u to Y and increase e{X,Y), thereby 
contradicting the choice oi X,Y. Consider 

e = uvw, f = uyiy2, f = uy'^y'^, 

with e e Bxxx and /, /' e Hxyy, f ^ f — The number of choices of (e, {/, /'}) is at 
least 



where e-i — e^/lQi^^. If for at least half of the choices of (e, {/, /'}), these three edges span 
at least one copy of F, then #F > {ei/2)n^ > qc{n, F), a contradiction. So for at least half 
of the choices of (e, {/, /'}) above, e U / U /' do not span a copy of F. This implies that 
at least one of the triples xyy' G M where x E e — {u},y G / — G /' — Since 

each such triple of M is counted at most < n'^ times, we obtain the contradiction 

{ei/2)n^/n^ < \M\ = os{n^)- This concludes the proof of the Claim. □ 

li t > Aeq, then counting copies of F from edges of Bi and using Claim 1 we get 
#F > J] (1 - £)c(n, F) > - £)c(n, F) 

e£Bi 

> {1 - ey\B\c{n,F) 

> {l-2e){q + t)c{n,F) 

>{q + 2eq - 8£^g)c(n, F) > qc{n, F) 
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and we are done. So we may assume that t < Aeq < Ae^ri^. Let x = \X\,y = \Y\ and 
s = ^/2t/{n - 2) . 

Claim 2. [n/2\ - s <x< \n/2'] + s and if t < - 2)/2, tlien [n/2\ -s <x < [n/2] + s. 
Proof of Claim. We know that 

p%n)~t=\G\< (^]y+(l]x. 



.2/ V2. 

Now the Claim follows immediately from Lemma [9l 

Observe that \M\ < t for otherwise |G U M| > p^{n) which is impossible. Pick e E B and 
assume wlog that e d X. Since t > 0, we have 1 < s < \/2t/ {n — 2) + 1 < n/lO. The 
number of potential copies of F containing e, denoted potF(e), is 6(^) + 6(x — Now 
Claim 2, Lemma fTOl and s > 1 imply that 

potF(e) > c(n, F) - (s + 3)n^ > c(n, F) - 4snl 

Not all of these copies of F are in 7i, in fact, a triple from M lies in at most 2n^ potential 
copies counted above (we pick either two more vertices in Y or one in each of Y and X, and 
there are two ways to complete a potential copy of F containing e). We conclude that 

F(e) > potY{e) - 2n^\M\ > c{n, F) - Asn^ - 2n^\M\ > c(n, F) - Asn^ - 2tn^. (3) 

Suppose first that t < {n — 2)/2. Then Claim 2 gives \n/2\ — s < x < [n/2] + s. Since s = 1 
and X is an integer, \x — n/2\ < 1. The definition of c{n, F) now yields 

potF{e) > min + ^ (3) ' ^ ^ ^L^/^J' [^72] }| > c(n,F). 

Consequently, we can refine the bound in to 

F(e) > c(n, F) - 2tn^. 

Altogether, 

#F > F(e) > (g + t){c{n, F) - 2tn2) = qc{n, F) + tc(n, F) - 2qtn^ - 2t2ra2. 

Let us recall that q < en^ and < t < Aeq. Then 2qtn^ < 2etn^ < (t/2)c(n, F) and 
2t2n2 = 2t(tn2) < {8eq)tn'^ < 8eHn^ < (t/2)c(n,F). Consequently, #F > gc(n, F) as 
required. 
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Next we suppose that t> {n-2)/2> n/A. This imphes that s < ^J2t/{n - 2) + 1 < A^ftjn 
and \/t < 2tj^Jn. Therefore 

Aqsn^ < 16gn^v^ = ^QqVin'^-^ < 32qtn'^ < ?,2etr/ < (t/5)c(n,F). 

So we again use to deduce that #F is at least 

^F(e) > (g + t)(c(n,F)-4sn^-2tn2) > gc(n, F) +tc(n, F) -4gsn^ -2gtn^ -4tsn^ -2t^n^. 

As t < q < er? we have the bounds 

2qtn^ < (t/5)c(n, F), Atsn^ < Aqsn^ < (t/5)c(n, F), 2tV < (t/5)c(n, F). 
This shows that ^^F > qc{n, F) and completes the proof of the theorem. □ 
We end this section by proving that this result is asymptotically sharp. 

Proof of Proposition [4l Let < 6 e. Consider the following construction: Add a 
collection of q edges to P^{n) within the part of size [n/2] such that the following two 
conditions hold. 

(1) every two added edges have at most one point in common and 

(2) the added edges do not form a Pasch configuration, which is the six vertex 3-graph 
obtained from F by deleting a vertex. 

It is well-known that such triple systems exist of size 6rP (in fact such Steiner triple systems 
also exist [12]). Each new edge lies in at most c{n,F) copies of F that contain a unique 
new edge. Now suppose that two of these new edges, say e, e' lie in a copy C of F. Then 
there are at most choices for the remaining two vertices of C. So the number of copies 
of F containing two new edges is at most g^n^ < 6qn^ < eqc{n, F) . There are no copies of 
F using three new edges since three edges of F either span seven vertices or form a Pasch 
configuration. In either case we would have a Pasch configuration among the added edges. 
Consequently, the number of copies of F is at most g(l + e)c{n, F). □ 

3 Counting Fs's 

Theorem [5] follows from the following result. Recall that c(n, F^) = (3 + o(l))(n/3)^. 
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Theorem 12. For every e > there exists 6 > and no such that the following holds for 
n > Uq. Every n-vertex 3-graph with t^{n) + 1 edges contains either 

• an edge that lies in at least (3 — e){n/3y copies of F^, or 

• at least 6n^ copies of F^ . 

Proof of Theorem [51 Remove q — 1 edges from 7i and apply Theorem [T^ If we find 6n^ 
copies of F5, then since q < 6n, the number of copies is much larger than q{l — e)c{n,F^) 
and we are done. Consequently, we find an edge ei in at least (3 — e){n/?)Y > (1 — e)c{n, F5) 
copies of F5. Now remove q — 2 edges from Ti — ei and repeat this argument to obtain 62- 
In this way we obtain edg GS 61 , . . . , 6^ clS required. 

Sharpness follows by adding a 3-partite triple system to one of the parts of T^{n). It is easy 
to see that each added edge lies in c(n, F5) — 0(1) copies of F5 and no copy of F5 contains 
two of the new edges. Consequently, the copies of F5 are counted exactly once. □ 

We will need the following stability theorem for F5 proved by Keevash and the first author 

m- 

Theorem 13. (F5 Stability [13]) Let Ti he a 3-graph with n vertices and t^{n) — o{n^) 
edges that contains no copy of F^. Then there is a partition of the vertex set ofTi into three 
parts so that the number of edges with at least two vertices in some part is o{n^). In other 
words, Ti can he obtained from T^{n) by adding and deleting a set of o{n^) edges. 

Proof of Theorem 1121 Given e let < 6 <^e. Write 05(1) for a function that approaches 
zero as 6 approaches zero and moreover, 05(1) <^ e for the set of functions used in this proof. 
Let n be sufficiently large and let 7i be an n vertex 3-graph with t^{n) + 1 edges. Write 
for the number of copies of F5 in 7i. 

We first argue that we may assume that H has minimum degree at least d = (2/9)(l — 5i) (2) , 
where Si = S^^'^. Indeed, if this is not the case, then remove a vertex of degree less than d to 
form the 3-graph Tii with n — 1 vertices. Continue removing a vertex of degree less than d 
if such a vertex exists. If we could continue this process for steps, where ^2 = 5^^^, then 
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the resulting S-graph 7i' has (1 — ^2)^ vertices and number of edges at least 



?(i-*/2)(;')-(M^(i-*.)(;')>^( 




By the resuh of Keevash-Mubayi [T3] and Erdos-Simonovits supersaturation we conclude 
that Ti has at least d'rt' copies of (for some fixed 5' > 0) and we are done. So we may 
assume that this process of removing vertices of degree less than d terminates in fewer than 
steps, and when it terminates we are left with a 3-graph ?-^' on n' > (1 — 62)n vertices 
and minimum degree at least d. 

Now suppose that we could prove that there is an edge of 7i' that lies in at least (3 — 
e/2){n' /3)'^ copies of F5. Since 6 e, this is greater than (3 — e){n/3)'^ and we are done. If 
on the other hand Ti' contains at least 2Sn'^ copies of F5, then again this is at least Sn^ and 
we are done. So if we could prove the result for Ti' with 26,e/2, then we could prove the 
result for Ti (with 6,e). Consequently, we may assume that Ti has minimum degree at least 



If i^F^ > 6n^, then we are done so assume that < Sn'^. Then by the Removal lemma, 
there is a set of at most os{n^) edges of 7i whose removal results in a 3-graph Ti.' with no copies 
of F5. Since |7Y'| > t'^(n) — os{n^), by Theorem [T3l we conclude that there is a 3-partition 
of Ti' (and also of Ti) such that the number of edges with at least two points in a part is 
os{n^). Now pick a partition XUYUZ oiH that maximizes e(X, Y, Z) = Hn {X x Y x Z). 
We know that e{X, Y, Z) > t^{n) — os{n^), and an easy calculation also shows that each of 
X, Y, Z has size n/3 + os{n). 

Let B = Ti — {X xY x Z) he the set of edges of Ti that have at least two points in one of 
the partition classes and set G = Ti. — B. Let M = {X x Y x Z) — Ti he the set of triples 
with one point in each of X, Y, Z that are not edges of Ti. Then G U M = {H — B) U M is 
3-partite so it has at most t^{n) triples. Since |7-^| = it^(n) + 1, we conclude that 



(2/9-o,(l))(^) = (l-o,(l))(n/3)^ 



< |M| < \B\ = os{n^). 



Claim. For every vertex f of 7i we have dM{v) < e'{n/3) 



2 for e' = e/W^. 
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Proof of Claim. Suppose for contradiction that dM{v) > s'{n/3)'^ for some vertex v. Then 

(1 - os{l)){n/3f < dn{v) = ddv) + deiv) < (1 + os{l)){n/3f - e\n/3f + deiv). 
We conclude that dsiv) > {e' - 05{l)){n/3f > {e'/2){n/3f. Assume wlog that veX. 

Case 1: dsxxxi'^) > (^Vl0)(^/3)^- Suppose that e = uvw satisfies v e e E Bxxx and 
{y.,z) eY X Z. The number of such choices for (e, (|/,^)) is at least dBxxx{'^)\^\\^\ > 
(£'/20)(n/3)^. If for at least half of these choices e U {y, z} forms a copy of F5 via the edges 
e, uyz, wyz then we have > (e'/40)(n/3)'^ > a contradiction. So for at least half of 
the choices of (e, {y, z)) above, xyz ^ Tt for some x e {u, w} (i.e. xyz e M). Since each such 
triple of M is counted at most |X| < n times (as v is fixed), we obtain the contradiction 
{e' /A0n){n/3y < \M\ = os{n^). This concludes the proof in this case. 

Case 2: dB^xvi'^) > (^Vl0)('^/3)^ or dsxxzi'^) > (^Vl0)('^/3)^- Assume by symmetry that 
duxxvi'^) > (^Vl0)('^/3)^- We may assume that doiv) > duxxvi'^) otherwise we can 
move V to Z and contradict the choice of the partition. Suppose that e = uvw satisfies 
V e e e BxxY with u e X,w eY. Let (y, z) e {Y - {w}) x Z he such that vyz e H. The 
number of such choices for (e, {y,z)) is at least dBxxYi'^){dG{'^) — \Z\) > (£'/ll)^(n/3)^. If 
for at least half of these choices e U {y, z} forms a copy of F5 via the triples e, uyz, vyz then 
we have > (£'/20)^(n/3)^ > 5n^, a contradiction. So for at least half of the choices of 
(e, {y,z)) above, uyz ^ H (i.e. uyz e M). Since each such triple of M is counted at most 
|y| < n times (as v is fixed), we obtain the contradiction (£'/20)^(n/3)^/n < \M\ — os{n^). 
This concludes the proof in this case. 

Case 3: (isxyy(f) > {e' /10){n/3Y or dsxzzi"^) > (^Vl0)(^/3)^- Assume by symmetry 
that dBxYvi'") > (^Vl0)(^/3)^- Suppose that e = uvw satisfies v e e G Bxxy with 
u,w ^ Y. Pick (x, 2;) G (X — {w}) x Z. The number of such choices for {e,{x,z)) is at 
least cifi^yy (t')(|X| — l)\Z\ > (e'/ll)^(n/3)'^. If for at least half of these choices e U {x,z} 
forms a copy of F5 via the triples xzu.xzw.e then we have ^^Fs > (£'/20)^(n/3)^ > 6n^, a 
contradiction. So for at least (e'/20)^(n/3)'^ of the choices of (e, {x,z)) above, xyz ^ 7i for 
some y G {u,w} (i.e. xyz G M). For at least half of these choices, we may assume that 
y = u. Since each such triple of M is counted at most \Y\ < n times (as v is fixed), we 
obtain the contradiction (£'/20)^(n/3)^/2n < \M\ — os{n^)- This concludes the proof of the 
Claim. 

Let Bi — Bxxx^Byyy^Bzzz C B, where the subscripts have the obvious meaning {Bxxx 
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is the set of edges in B with three points in X etc.), and let B2 = B — Bi, so B2 consists of 
those edges of 7i that have two points in one part and one point in some other part. 

Suppose that e = uvw e Bxxx- For each {y,z) x Z the points u,v,w,y,z form a 
potential copy of F5 via e and two triples involving y,z. For at least {e/2){n/?>y of these 
potential copies, xyz e M for x e e, otherwise e lies in (3 — 0^(1) — £/2)(n/3)^ > (3 — £)(n/3)^ 
copies of F5 and we are done. Each such triple of M is counted at most twice, hence the 
number of triples intersecting e is at least (£/4)(n/3)^, and at least a third of these triples 
contain the same vertex x e e. We conclude that dM{x) > (£/12)(n/3)^ > e'{n/3y which 
contradicts the Claim. The argument above works for any e e Si, so we have shown that 
Si = 0. 

Let e = uvw E B2 = B, where u,v arc in the same part, say X, and w is in another part, 
say Y. For each {y, z) & {¥ — {w}) x Z, there are three types of potential copies of F5 with 
vertices u, v, w, y, z: 

Type 1: uyz, vyz, e 

Type 2: uwz, e, vyz or vwz, e, uyz 

The number of Type i potential copies of F5 is — 1)\Z\ = (1 — os{l)){n/3y. We may 
assume that the number of Type 1 (real, not potential) copies of F5 is at most (1— £/3)(n/3)^, 
or that the number of Type 2 (real, not potential) copies of -F5 is at most (2 — 2£/3)(n/3)^. 
Otherwise e lies in at least (3 — £)(n/3)^ copies of F5 and we are done. 

Suppose that the number of Type 1 copies of F5 is at most (1 — s/3){n/3)^. The number of 
pairs {y, z) e {Y — {w}) x Z for which either uyz e M or vyz e M is at least 

- 1)|Z| - (1 - e/3){n/3f > (1 - 0^(1) - 1 + £/3)(n/3)2 > {e/i){n/3f. 

Hence there exists x G {u, v} such that xyz G M for at least (5/8)(n/3)^ pairs {y, z) &YxZ. 
In other words, dM{x) > (£/8)(n/3)^ > £'(n/3)^. This contradicts the Claim. 

We may therefore suppose that the number of Type 2 copies of F5 is at most (2 — 2£/3)(n/3)^. 
Assume by symmetry that there are at most (1 — £/3)(n/3)^ Type 2 copies of the form 
uwz, e, vyz. Arguing as above, the number of pairs {y,z) eYxZ for which either uwz G M 
or vyz G M is at least {e/A){n/?>f. If at least half of the time we have vyz G M, then we 
obtain ^^(■f^) > (2^/8)(^/3)^ > £'(n/3)^ and contradict the Claim. We therefore conclude that 
for at least {e/8){n/Sy pairs (y, z) EYxZ,we have uwz G M. Consequently, the number of 
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z E Z for which uwz G M is at least {e / 10) {n / 3) . We write this as dM{uw) > {e/10){n/3). 

We have argued that for every edge e = uvw G B with u, v in the same part and w in a 
different part, either dnj{uw) > en/30 or d^f{vw) > en/30. Form a bipartite graph with 
parts B and M. Let e E B he adjacent to / G Mif|en/| = 2. We have shown above 
that each e E B has degree at least en/ 30. Since \B\ > |M|, we conclude that there exists 
f E M which is adjacent to at least en/ 30 different e E B. Each of these e E B has two 
points in common point with /, so there is a pair of vertices u, v in different parts of Ti. 
that lie is at least en/ 90 different e E B. Assume wlog that u E X,v E Y , and also that 
there are Xi E X for 1 < i < en/180 such that uvxi E B for each i. For each Xj, consider 
{y, z) E {Y — {v}) X Z and triples XiVZ, XiVU, uyz. The number of such choices for (i, z) is 
at least (en/200) (n/S)^. If for at least half of these choices these three triples are edges of 7i, 
then we obtain jj^F^ > (en/400) > 6n^ and we are done. So for at least half of these 

choices of {i,y,z) we have either XiVz G M or uyz E M. Each such triple of M is counted 
at most n times so we obtain at least {e/A00){n/3)'^ triples from M incident to some vertex 
of e. At least one third of these triples are incident to the same vertex of e, so we obtain 
X E e with dM^x) > (e/1200)(n/3)^ > e'{n/3Y. The contradicts the Claim and completes 
the proof. □ 



4 Counting Bs's 

Theorem [6] follows from the following result. Recall that c{n,B^) = (2 + o(l))(n/3)^. 

Theorem 14. For every e > there exists 6 > and n^ such that the following holds for 
n > nQ. Every n-vertex 3-graph with b^{n) + 1 edges contains either 

• an edge that lies in at least (2 — e){n/3y copies of B^, or 

• at least 6n^ copies of B^. 

Proof of Theorem El Remove q — 1 edges from Ti and apply Theorem [TH If we find Sn^ 
copies of -B5, then since q < Sn"^, the number of copies is much larger than (1 — e)c{n, B^) 
and we are done. Consequently, we find an edge ei in at least (2 — e){n/3Y > (1 — e)c{n, B^) 
copies of -B5. Now remove g — 2 edges from H — ci and repeat this argument to obtain 62. 
In this way we obtain edg required. 
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Sharpness follows by adding a partial Steiner triple system to B^{n) where each added edge 
is entirely within X. In other words, we are adding a collection of triples within X such that 
every two have at most one point in common. It is easy to see that each added edge lies 
in c(n,i?5) — 0(1) copies of and moreover, since these edges have at most one common 
point, these copies are counted exactly once. □ 

We will need the following stability theorem for proved by Fiiredi-Pikhurko-Simonovits 

m- 

Theorem 15. (-B5 stability [9J) LetTi. be a 3-graph withn vertices and b^{n) — o{n^) edges 
that contains no copy of B^. Then there is a partition of the vertex set of Ti into X UY so 
that the number of edges that are not of the form XXY is o{n^). In other words, Ti can be 
obtained from B^{n) by adding and deleting a set of o{n^) edges. 



Proof of Theorem 1141 Given e let Q < 5 <^ e. Write 05(1) for any function that 
approaches zero as 5 approaches zero and moreover, 0^(1) <^ e. Let n be sufficiently large 
and let Ti be an ra- vertex 3-graph with h^{n) + 1 edges. Write #-85 for the number of copies 
of Br, in n. 

We first argue that we may assume that 7i has minimum degree at least d = (4/9) (1 — 5i) (2) , 
where Si = S^^^. Indeed, if this is not the case, then remove a vertex of degree less than d to 
form the 3-graph Tii with n — 1 vertices. Continue removing a vertex of degree less than d 
if such a vertex exists. If we could continue this process for steps, where 82 = 5^^'^, then 
the resulting 3-graph H' has (1 — 62)n vertices and number of edges at least 

^,_,_3,a-.)Q>ia..)(<-/^>"). 

By the result of Fiiredi-Pikhurko-Simonovits [9J and Erdos-Simonovits supersaturation we 
conclude that 7i has at least copies of B^ (for some fixed 6' > 0) and we are done. So 
we may assume that this process of removing vertices of degree less than d terminates in 
at most 62n steps, and when it terminates we are left with a 3-graph Ti' on n' > [1 — 62)n 
vertices and minimum degree at least d. 

Now suppose that we could prove that there is an edge of Ti' that lies in at least (2 — 
e/2){n' /Sy copies of B^. Since 6 <^ e, this is greater than (2 — e){n/3Y and we are done. 
If on the other hand Ti' contains at least 26n'^ copies of i?5, then again this is at least 
and we are done. So if we could prove the result for H' with 26, e/ 2, then we could prove 
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the result for 7i (with 6, e) . Consequently, we may assume that 7i has minimum degree at 
least (4/9- 05(1)) Q). 

If #-85 > 6n^, then we are done so assume that #-85 < 6n^. Then by the Removal lemma, 
there is a set of at most os{n^) edges of 7i whose removal results in a 3-graph Ti' with no 
copies of i?5. Since \n'\ > b^{n)-osin^), by Theorem [T5|, we conclude that there is a partition 
X UY of the vertex set of Ti' (and also of 7i) such that the number of edges with 0, 1, or 
3 points in X is os{n^)- Now pick a partition X U Y of Ti. that maximizes e{X, X,Y) the 
number of edges with exactly two points in X. We know that e{X, X,Y) > b^{n) — 0^(72^), 
and an easy calculation also shows that |X| = 2n/3 + os{n) and \Y\ = n/3 + os{n). 

Let B be the set of edges of 7i that do not have exactly two points in X. Let M be the set 
of triples with exactly two points in X that are not edges of Ti. and let G = Ti — B he the set 
of edges of Ti. with exactly two points in X. Then Ti. — B U M has a (2, l)-partition X UY, 
so it has at most b^{n) edges. We conclude that 

|M| < \B\ = os{n^). 

In particular, S 7^ 0. Partition B = Bxxx U Bxyy U Byyy, where Sx^ys-* is the set of 
edges in B with i points in X and 3 — i points in Y. 

Claim 1. For every vertex f of 7i we have dsxxxi'^) < ^i^^? where 61 = 

Proof of Claim 1. Suppose for contradiction that dsxxxi'^) > ^1^^ f*^^ some vertex v. 
Let B{y) be the set of edges in Bxxx that contain f, so 1-8(^)1 = duxxxi''^)- Fhst observe 
that dciv) > dBxxxi'^)^ f*^^ otherwise we can move f to F and contradict the choice of the 
partition X, Y . Now for each e = vah G B{v) and / = vxy G 7i with {a, 6, x} G ('''""3'"^"'^) , ^ 
F, consider the two triples axy, hxy. We see that e, /, axy, forms a (potential) copy of 
-85. For each e, the number of / is at least ddv) — n > \B{v) \ — n > \B{v)\/2, since / must 
omit a,b and there are at most \Y\ pairs containing either of them. Hence the number of 
choices for (e, /) is at least \B{v)\'^/2. If for at least half of these choices of (e, /), we obtain 
a copy of i?5 in 7i, then #-85 > \B{v)\'^/A > 6n^, a contradiction. So for at least half of the 
choices of (e, /) above, one of the triples axy, hxy is in M . A given triple in M is counted 
at most |X| < n times, so we obtain the contradiction |i?(t')p/(4n) < \M\ = os{n^). This 
finishes the proof of the Claim. 

Case 1. \Bxxx\ > \B\/3. 
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For each e = uvw £ Bxxx, and {x, y) G {X—e)xY^ there is a potential copy of consisting 
of vertices u,v,w,x,y and edges uxy,vxy,wxy,e. This gives a total of (|X| — 3)|F| > (2 — 
os{l)){n/3)'^ potential copies of B^. At least (2£/3)(n/3)^ of these potential copies of i?5 have 
a triple from M, for otherwise e would lie in at least (2 — 05(1) — 2£/3)(n/3)^ > (2 — £)(n/3)^ 
copies of -B5 and we are done. The triple from M referenced above cannot be e (since e G 7Y), 
and therefore lies in exactly one copy of B5 that was counted above. At least a third of these 
triples from M are incident with the same vertex of e, hence there exists z & e such that 
duiz) > {2e/9){n/3f. 

LetV^XUY and let 

A^{veV: dM{v) > (2£/9)(n/3)'}. 
We have argued above that every e e Bxxx has a vertex in A. Consequently, 

9$^^Bxxx(^) > Q\Bxxx\ > S\B\ > 3\M\ > J2dM{v) > \A\{2e/9){n/3)^ 

veA veA 

and there exists a vertex v E X (1 A such that dsxxxi^) > > Sin^- This 

contradicts Claim 1 and concludes the proof in this case. 

Case 2. \Byyy\ > \B\/3. 

For each e = uvw G Byyy and x,x' E X, there is a potential copy of B^ consisting of vertices 

u,v,w,x,x' and edges xx'u,xx'v,xx'w,e. This gives a total of ('^') > (2 — os{l)){n/3)^ 
potential copies of B^. At least (2£:/3)(n/3)^ of these potential copies of Br^ have a triple 
from M, for otherwise e would lie in at least (2 — 0^(1) — 2e/3){n/3)^ > (2 — e){n/3)^ copies 
of -B5 and we are done. The triple from M referenced above cannot be e (since e G 7i), and 
therefore lies in exactly one copy of B^. At least a third of these triples from M are incident 
with the same vertex of e, hence there exists z E e such that dM{z) > (2e/9)(n/3)^. As in 
Case 1, let V = X U Y and A = {v e V : duiv) > {2e / 9) {n/ 3^} . We have argued above 
that every e G Byyy has a vertex in A. Consequently, 

9^rfByy^(T;) > 9\Byyy\ > S\B\ > 3\M\ > J^^Miv) > \A\(2e/9){n/3)'', 
veA veA 

and there exists a vertex v eYHA such that dByrvi'^) > (£/50)(n/3)^. Let B{v) be the set 
of edges in Byyy that contain v, so |-B(t')l = dByYvi'^)- 
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Next we observe that (^Sxyyl^) ^ dciv) otherwise we can move f to X and contradict the 
choice of the partition X,Y. We also recall that 7i has minimum degree at least (4/9 — 

dsYYvi'") + daiv) + dB^YYiv) > (4/9 - 05(1)) 
Since dsYYvi'") ^ ('2') < (1/9 + o<5(l))(2)> we conclude that 

Now for each e = vyy' G B{v) and / = vxx' £ G {x,x' G X), consider the two triples 
xx'y, xx'y' . We see that e, /, xx'y, xx'y' forms a potential copy of B^. The number of choices 
of (e, /) above is at least \B{v)\dG{v) = ds^yy (v)(iG(t'). If for at least half of these choices 
of (e, /), we obtain a copy of B^ in then > dBYYY{'^)dG{'^) /'^ > a contradiction. 
So for at least half of the choices of (e, /) above, one of the triples xx'y, xx'y' is in M. 
A given triple in M is counted at most \Y\ < n times, so we obtain the contradiction 
dBYYY{'^)dG{v) / {2n) < \M\ — os{n^). This concludes the proof in this case. 

Case 3. \Bxyy\ > \B\/3. 
Let 

Bi — {e E BxYY '■ there exists v e eflY with duiv) > £(n/3)^}. 
Subcase 3.1. \Bi\> \Bxyy\/'2. Let 

A^{veY : dM{v) > {e/2){n/3f}. 
By definition, every e E Bi has a vertex in A. Therefore 

IsJ^dsA^) > 18|5i| > 9\Bxyy\ > 3|5| > 3|M| > J^dMiv) > \A\{e/2){n/3)\ 

and there exists a vertex v eY such that 

ds^YYiv) > dsriv) > {e/36){n/3f. 

Recall that G is the set of edges of H with exactly two points in X. Next observe that doiv) > 
dsxYY i'^) for otherwise we can move v to X which increases e{X, X, Y) and contradicts the 
choice of X,Y. It follows that daiv) > {£/3&){n/3f. 
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Now for each e — uvw e Bxyy and / = xx'v e G with {u, x, x'} e (^), and w , consider 
the two triples uwx, uwx'. We see that e, uwx, uwx', xx'v forms a potential copy of B^. The 
number of choices of (e, /) above is at least dBxyyi'^^) ^ {daiv) — \X\) > ds^^yy (v)ci(3(v)/2. 
If for at least half of these choices of (e, /), we obtain a copy of in H, then 

a contradiction. So for at least half of the choices of (e, /) above, one of the triples uwx, uwx' 
is in M. A given triple in M is counted at most |X| < n times, so we obtain the contradiction 

£2 / dBxYY{v)dG{v) 3 



This concludes the proof in this subcase. 

Subcase 3.2. |-Bi| < \Bxyy\/'2- So in this subcase we have I-B2I > | -Bxyy |/2, where 

-B2 = {e e -Bxyy : for every v E e HY we have duiv) < (£/2)(n/3)^}. 
Fix e = e S2 with w e X and v,w &Y. 
Claim 2. There exist sets Xy^X^ C X such that 

• xuv e M for every x & Xy and xtiw e M for every x e X^, and 

• > {e/20)n and > {e/20)n 

Proof of Claim 2. Let X^ = {x e X : xuv e M}. We will show that > (£/20)n. The 
same argument will apply to X^. 

Suppose for contradiction that \Xy\ < [e/20)n. Pick x, x' G X—X^ and consider u, v, w, x, x'. 
The triples uvx,uvx',e,xx'w form a potential copy of S5. Since x,x' & X — X„, we have 
uvx e ?i and -Ufa;' G 7i. So if these four edges do not form a copy of B^ in Ti then xx'-u; G M. 
Since e G -B2, the number of pairs {x,x'} G (^) such that xx'w G M is at most {e/2){n/2>Y . 
Consequently, the number of pairs x,x' & X — Xy with xx'w G 7i is at least 
X - Xy\ l\ e fn^^ ^ fil - osil) - %)f\ e fn^^ 



2 y 2 V3/ V 2 y 2 V3 

2 + 

10 50/ V3, 
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This gives us the required number of copies of ^5 containing the edge e and concludes the 
proof of the Claim. 



For each edge e = uvw e B2 with u e X,v,w G Y, Claim 2 shows that are at least 
{e/20)n triples of the form xuv G M. Form the bipartite graph with parts B2 and M, where 
uvw G B2 is adjacent to all such xuv G M. Then since every vertex of B2 has degree at least 
{e/20)n, and \B2\ > \Bxyy\/'^ > 1-^1/6 > |^|/6, we conclude that there exists xuv G M 
(with V which is adjacent to at least {e/12{))n edges in B2. Each of these edges of B2 

contains f , and either x or -u, so we may assume by symmetry that at least half of them 
contain u. So we have uvw-i G -B2, where -u G X and f , G F for i = 1, . . . , (£/240)n. For 
each Wi, consider the set Xyj^ defined in Claim 2. We know that x'uwi G M for each Wi 
and x' G Xy,.. Since these triples are distinct for distinct Wi or distinct x', we conclude that 
duiu) > {e / 24:0)n{e / 20)n = (e^/4800)n^. Recalling the minimum degree condition on 7i, 
we have 



(4/9 - 0,(1)) J < dn{u) = doiu) + dniu) < (4/9 - 0,(1)) J - dM{u) + dniu). 



We conclude that dsiu) > (£:^/5000)n^. By Claim 1 we know that ds^xxi''^) < ^1^^ where 
Si = e^/10^. As dsiu) = dBxxx^j) + "^^ obtain 



Now suppose that l-S"! > (0.9)d. For each e = uyy' G Bxyy with G S there is a set 

X^<Z X with |Xe| > (1 - £i)(2n/3) such that xuy G M or xi^y' G M for all x G X^. Each 
of these triples in M is counted at most |y| times so we obtain 





d dBxYvi'^) = dsiu) - dnxxxi'^) > (£^/5000)n^ - Sin^ > 2ein^. 



Say that uyy' G Bxyy is bad if 



\{x eX : xuy G M or xuy' G M}\ > (1 - £i)(2n/3). 



Let 





(4) 



Again recalling the minimum degree condition onH, we have 




< dn{u) = dsxxxi'^) + doiu) + dsxYri'^) 
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Using (jl]) and d > ein^ we obtain dExxxi"^) > {0.7)d — os{n^) > Sin^. This contradicts 
Claim 1 and concludes the proof if \S\ > {0.9)d. 

Next suppose that \S\ < {0.9)d. So for at least {0.1)d edges e = uyy' G Bxyy we have a set 
Xf. G X such that 

\Xe\ > (£i-05(l))(2n/3) > isi/3)n 
and uyx G 7"^ for all x G Xe (also wy'x G but we wont use this). 

Let X, x' G Xe and consider the triple xx'y' . We see that e, wya;, uyx', xx'y' forms a potential 
copy of -B5. The number of choices for (e, {x,x'}) above is at least 

(O.l)rf X ^(^i/^)""^ > (£i/5)n2 X (£?/20)n2 = (£?/100)n^ 

If for at least half of these choices of (e, {x,x'}), we have xx'y' G 7Y, then 

#55 > (£?/200)n^ > 5n^ 

a contradiction. So for at least half of the choices of (e, {x, x'}) above, xx'y' G M. A given 
triple xx'y' G M is counted at most |y| < n/2 times, so we obtain the contradiction 



e 



3 „ (O.l)rfx (l^^l) , , 



200 - n 

This completes the proof of the subcase and the Theorem. □ 



5 Counting Expansions of Cliques 

In this section we will prove Theorems [7] and [HI 
5.1 Asymptotic Counting 

Theorem [7] follows from the following result. Recall that Z^+i = ('^^^) is the number of 

vertices of Lr+i and c(n, L^+i) = G(n'''+^~3). 

Theorem 16. For every e > there exists 6 > and no such that the following holds for 
n > Uq. Every n vertex 3-graph with t^{n) + 1 edges contains either 

• at least 6n^''+^^^ copies of Lr+i, or 
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• an edge that lies in at least c(n, L^+i) copies of Lr+i, or 

• two edges that each lie in at least (1 — £:)c(n, L^+i) copies of L^+i with none of these copies 
containing both edges. 

Proof of Theorem O Remove q—1 edges from Ti and apply Theorem [121 If we find 6n''^+^~^ 
copies of Lr+i, then since q < 6n^, the number of copies is much larger than — e)c(n, Lr+i) 
and we are done. Consequently, we find an edge ei in at least (1 — e)c{n, L^+i) copies of 
Lr+i- Now remove q — 2 edges from Ti — Ci and repeat this argument to obtain 62- In this 
way we obtain edg required. 

Sharpness follows by the following construction: Take T^{n) with parts Vi, . . . , pick any 
point y G V2, and add q edges of the form xx'y with x, x' G Vi. Each added edge lies in 
at most (1 + e)c{n, Lr+i) copies of Lr+i, and no two added edges lie in a common copy of 
Lr+i, since L^+i has the property that for every two edges e, e' containing a common vertex 
f , there is another edge / containing a point from each of e — {f } and e' — {f } and v ^ f . 
Taking two edges containing y, we see that there is no edge that can play the role of / 
above. □ 

We will need the following stability result proved by Pikhurko ^24] (see also [T7]). 

Theorem 17. (L^+i Stability |24] ) Let Ti he a 3-graph with n vertices and t^{n) — o{n^) 
edges that contains no copy of L^+i- Then there is a partition of the vertex set of Ti into r 
parts so that the number of edges that intersect some part in at least two points is o{n^). In 
other words, Ti can he obtained from T^{n) by adding and deleting a set of o{n^) edges. 

Proof of Theorem 1161 Given elet < 5 <^ e. Write 0^(1) for any function that approaches 
zero as 6 approaches zero and moreover, 05(1) <^ e. Let n be sufficiently large and let TC be 
an n vertex 3-graph with tf{n) + 1 edges. Write ^L^+i for the number of copies of Lr+i in 

n. 

If ^Lr+i > 5n'''+i~-^, then we are done so assume that ^Lr+i < 6n'-''+^^^. Then by the 
Removal lemma, there is a set of at most os{n^) edges of 7i whose removal results in a 
3-graph H' with no copies of L^+i- Since |7i'| > tf{n) — os{n^), by Theorem [T71 we conclude 
that there is an r-partition Vi U ■ ■ ■ U K of 7i' (and also of H) such that the number of edges 
that intersect some part in at least two points is 05 (n^). Now pick a partition Vi U ■ ■ ■ U K 
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of Ti that maximizes hi + 2h2 + Sh^, where hi is the number of edges of Ti that intersect 
precisely i of the parts. The partition guaranteed by Theorem [T7| satisfies hi +2/12 = os{n^), 
and hence for this particular partition hi + 2/^2 + 8/13 > 3|7i| — 2{hi + /i2) > 3t^(n) — 05(72^). 
Since hi + 2/^2 + 8/13 < 3|7^| — (/ii + /i2) we conclude that for the partition that maximizes 
hi + 2/^2 + 3/13 we have hi + 2/i2 = os{n^) and /13 > t^in) — os{n^). A standard calculation 
also shows that for this partition each Vi has size n/r ± os{n). 

LetB = H- ni=i Vi, let G = n- B and M = HLi V - G. Then H - B U M is r-partite 
so it has at most tj?(n) edges. We conclude that 



3^ 



|M| < \B\ = os{n 

in particular \B\ > 1. We will now argue that we can improve this to \B\ > 2. We may 
suppose that rii := \Vi\ satisfy rii > n2 > ■ ■ ■ > rir- Pick ei E B. \i Ti — ei = T^{n), 
then clearly ci lies in at least c(?7,, L^+i) copies of L^+i and we are done. So assume that 
?i — ei ^ T^{n). Suppose that B r\ {H — ei) =0. Then either rir > ni — 1 and 



tl{n) = \n- ei\ < 



( \ 



1 < tlin) 



01 rij. < Til — 1 and 



tl{n) = \n - ei\ < n^^<*'^'')- 



In either case we have a contradiction, so we may assume that i? n (7i — ei) 7^ 0. In other 
words, there exists 62 7^ ei such that 62 € -B and therefore > 2. We will now show that 
every e E B lies in at least (1 — e)c{n, Lr+i) copies of L^+i in H and each copy uses a unique 
edge from B. 

Let e = xyz G -B. We may assume by symmetry that x,y G Vi. Pick (w2,---,'yr) £ 
V2 X ■ ■ ■ X with Vi ^ z for all z. For every pair of distinct vertices {a, b} with a G {^2; • • • ? ^r} 
and 6 G {x, ?/,f2, . . . ,Vr} (there are (^'2"'^) + 2(r — 1) such {a, 6}), let Vat be a vertex in a 
part different from a, b that is distinct from all other vertices being considered. The number 
of choices for the ((^2^) + r — 2)-tuple (f2, . . . ,Vr, {vab}a,b) is at least (1 — os{l))c{n, L^+i). 
Moreover, the ('^^^) edges e and {abvab}a,b form a potential copy of L^+i with x, f 2, . . . , fr 
forming the original whose edges have been expanded. At least {e/2)c{n, L^+i) of 

these potential copies of L^+i have a triple from M, otherwise e would lie in at least (1 — 
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05(1) — £/2)c(n, Lr+i) > (1 — e)c{n, Lr+i) copies of Lr+i and we are done. Suppose that at 
least {e / 4:)c{n, Lr+i) of these potential copies of L^+i have the triple from M omitting e. 
Since each such triple from M is counted at most times, we obtain the contradiction 

{e/4:)c{n,Lr+i)/n'-''+^~^ < \M\ < os{n^). So at least (£/4)c(n, L^+i) of these potential copies 
of I/T-+1 have a triple from M containing x or y. Each such triple from M is counted at most 
^ir+1-5 ^jjnes, so there are at least (£/4)c(n, Lr+i)/n^''+^~^ = e'n^ triples from M containing 
X or y (for suitable £' > depending only on r). We may assume by symmetry that 
dM{x) > {e'/2)n\ 

We have shown above that for each e E B, there is a vertex x e e that lies in the (unique) 
part that has at least two points from e, with duix) > {e' /2)'n?. Form a bipartite graph 
with parts B and M, where each e e S is adjacent to those / in M for which ef] f — {x} 
and X lies in the part that has at least two points of e. Then each vertex of B has degree 
at least {e'/2)n'^. Since \B\ > \M\ we conclude that there exists f E M adjacent to at least 
(e'/2)n^ different e E B in the way specified above. At least {e'/6)n'^ of these e E B contain 
the same point x E f. Assume wlog that x eVi. 

For each i E [r] and Si = s'/lOO, define 

Ai = {y EVi-. dn{xy) > Sin}. 

Claim. < Sin for some i E [r]. 

Proof of Claim. Suppose to the contrary that \Ai\ > Sin for each i. Then the number 
of choices (fi, . . . ,Vr) E Ai X ■ ■ ■ X is at least {siny. For every pair of distinct vertices 
{a,b} C {vi, . . . ,Vr}, let Wab 7^ x be a vertex in a part different from a,b (there are at 
least (1 — 2/r)n > n/2r choices for Wab)- For every vertex c C {vi, . . . ,Vr}, let Wc be a 
vertex such that xcWc E Ti. By definition of Ai, we know that the number of such Wc is at 
least Eiu. Consequently, the number of choices for the {Ir+i — l)-tuple of distinct vertices 
{vi,...,Vr, {wab}a,b, {wc}c) IS at least 

Moreover, the {^^) triples xcWc, abwab over all choices of a, 6, c form a potential copy of 
Lr+i with x,Vi, . . . ,Vr forming the original Kr+i whose edges have been expanded. At least 
(£2/2)71'''+^""^ of these potential copies of L^+i have a triple from M, otherwise #-^^+1 > 
(£2/2)71'''+^^^ > Sn'"'+'^~^ and we are done. Each such triple from M omits x and is therefore 
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counted at most times (since x is fixed and Lr+i has Z^+i vertices) so we obtain the 

contradiction (e2/2)n'''+i~^/n'''+^~^ < \M\ < os{n^). This completes the proof of the Claim. 

Let B{x) be the set of edges of B containing x with at least two vertices in Vi. Then we had 
earlier shown that > {e'/6)n'^ > lO^in^. 

Let H{x) be the set of pairs {y,z} such that xyz G B{x), so one of y,z E V\ and |i^(a;)| = 
Now I All > e\n for otherwise we obtain the contradiction 

\B{x)\ < ^ dH{x){v) = ^ dH(x){v) + ^ dH(x){v) < {ein)n + {n/2){ein) < 2£in^ 

The Claim implies that one of IA2I, . . . , is less than ein. By symmetry, we may assume 
that \Ar\ < Sin. The number of edges in Ti containing x and some vertex of Vr is at most 
\Ar\n + iKki'^ < 26171^ . Hence the number of edges in B{x) that have no vertex in Vr is at 
least \B{x) \ — 2ein^ > Ssiu'^. 

Now let us contemplate moving x from Vi to Vr- The edges of Ti containing x whose 
contribution to decreases (by at most one) must have a vertex in Vr, and their number 

is at most 2ein^. The edges in B{x) that have no vertex in Vr give an increased contribution 
to J^iJ'hi (each edge contributes an increase of exactly one), and their number is at least 
SeiTi^. All other edges containing x (i.e. those with r — 1 vertices in ^2 U ■ ■ ■ U K-i) do not 
change their contribution to ihi. The net contribution to Yli'^'^i therefore increases by at 
least Gein^ > 0, thus contradicting the choice of the partition and completing the proof. □ 

5.2 Exact Counting 

In this subsection we will use Theorem [16] to prove Theorem [8l 

Proof of Theorem [S Given g > 1, let < £ < l/{q + 1). Then 2(1 - e)c{n, Lr+i) > 
c{n, Lr+i). Let 6 and uq be the outputs of Theorem [7] with input e. Choose n > uq such that 
it also satisfies > g x c(n,Lr+i) (this is a triviality since c(n, L^+i) = 0{n^''+^~^)). 

Suppose that 7i is an vertex 3-graph with tl{n) + q edges. Write i^Lr+i for the number of 
copies of Lr+i in TC. Let us prove by induction on q that ^Lr+i > g x c(n, L^+i). If g = 1, 
then Theorem [16] and the definitions of e, 5, n imply that 

ifLr+i > min{5ra'''+^~^, c{n,Lr+i), 2(1 — e)c{n, Lr+i)} > c{n,Lr+i). 
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Let us assume that g > 1 and the result holds for q — 1. 

Let Ci be an edge of Ti. that lies in the maximum number of copies of L^+i, say that it lies 
in Ci{n) copies. If Ci{n) > c{n,Lr+i), then let Hi = Ti. — ci. By induction, Hi has at least 
(g — l)c{n, Lr+i) copies of L^+i- These copies are distinct from those containing ei so we 
obtain 

> ci(n) + (g - l)c{n, U+i) > qc{n, U+i) 

and we are done. 

We may therefore assume that ci(n) < c(n, L^+i). Let 62 be an edge of Hi that lies in the 
maximum number C2{n) of copies of Lr+i in Hi. Since Hi C H, clearly C2{n) < Ci{n). Let 
H2 = Hi — 62 and continue this process to obtain ei, . . . , eg_i. For each i < q — 1, Theorem 
[T6] implies that i^Lr+i > 671^'+^"^ > qc{n,Lr+i) or Ci{n) > (1 — e)c{n, Lr+i). In the former 
case we are done, so we may assume that 

(1 - e)c{n, Lr+i) < Cg_i(n) < ■ ■ • < ci(?2) < c(n, U+i). 

Consider Hq-i = H — ci — 62 ■ ■ ■ — eq-i- Then 

l^.-il = \n - (9 - 1) = tl{ri) + g - (g - 1) = tl{n) + L 

Since Cq_i(n) < c(?t,, L^+i), Theorem [TBI implies that Hq-i has at least 2(1 — £)c(n, L^+i) 
copies of Lr+i- Altogether we have 

> 2(1 - e)c{n, L^+i) + ^ Ci{n) >{l-e){q + l)c(n, L^+i) > gc(n, L^+i) 

where the last equality follows from e < l/(g + 1). This completes the proof. □ 

6 Concluding Remarks 

• We have given counting results for every triple system for which a stability result is known 
except for one family which is derived from the expanded cliques. This was studied in [20], 
and included the triple system {123, 145, 167, 357} which is the smallest non-3-partite linear 
(every two edges share at most one vertex) 3-graph. It appears that our approach will give 
appropriate counting results for this problem as well and we did not feel motivated to carry 
out the details. 
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• Our results suggest that whenever one can obtain stabihty and exact results for an ex- 
tremal problem, one can also obtain counting results. However, in each case the argument 
is different. It would be interesting to unify this approach (at least for certain classes) so 
one does not have to use new methods for each F. We formulate this as a conjecture. Say 
that a 3-graph F is stable if ex(n, F) is achieved uniquely by the n vertex 3-graph T-i{n) for 
sufficiently large n, and every n vertex 3-graph with (1 — o(l))ex(n, F) edges and no copy of 
F can be obtained from by changing at most o{n^) edges. 

Conjecture 18. Let F he a non 3-partite stable 3-graph. For every positive integer q, the 
following holds for sufficiently large n: Every n vertex 3-graph with ex{n, F)-\-q edges contains 
at least qc{n, F) copies of F. 

• We have not been able to prove exact counting results for F5 and B5. The reason for this 
is that we need to use the minimum degree condition in the proof and we don't know how 
to get around this technical difficulty. 

• All our theorems find a{l — o{l))n^ copies of F on an edge, or SnP' copies of F altogether, 
for suitable a,(3,j,S. However, in each case our proofs give Srf copies of F on a single 
vertex. 

• Our results for F5 appear to be weaker than the other results. In particular, we only allow 
q < Sn unlike in the other cases where we allow q < However, this cannot be improved 
further. Indeed, for any e > (take e = 1/2 for example) and all n, there exists an n vertex 
3-graph Ti with t^{n) -\- sn edges and the following two properties: 

(1) for every edge e E H, the number of copies of F5 containing e is less than (3 — e){n/?>Y 

(2) the number of copies of F5 in H is less then en^. 

To see this, let T^{n) have parts X,Y,Z and construct Ti as follows. Pick {x^y) e X x F, 
delete en/3 edges of the form xyz with z E Z, and add 4en/3 edges of the form XiXy with 
Xi G X. Then \H\ — t^{n) -\- en. A copy of F5 in Ti must contain an edge = XiXy^ and 
the number of copies containing Cj is at most (3 — £:)(n/3)^. Therefore the total number of 
copies of F5 in H, is at most (4£n/3)(3 — £)(n/3)^ < en^. 

• Our results for can be extended to the /c-uniform case without too much difficulty. We 
describe some of the details below. For r > k >2, Let be the /c-graph obtained from the 
complete graph Kj. by enlarging each edge with a set of A; — 2 new vertices. These sets of 
new vertices are disjoint for each edge, so has r-\-{k — 2) (Q vertices and (2) edges. Write 
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T^{n) for the complete r-partite fc-graph with the maximum number of edges. So T^{n) has 
vertex partition ViU ■ ■ - UVr, where nj := \ Vi\ = [_{n + i — 1)/tJ , and all fc-sets with at most 
one point in each Vi. Define 

ttin):=\T!:{n)\= ^ l[n,. 

Every set of r + 1 vertices in T!^{n) contains two vertices in the same part, and these 
two vertices lie in no edge. Consequently, L^^^ T^{n). The author [17] conjectured, 
and Pikhurko [21] proved, that among all n vertex fc-graphs containing no copy of i^^+i 
(r > A; > 2 fixed, n sufficiently large), the unique one with the maximum number of edges is 
T^ivb). Define c^_,_^(n) to be the minimum number of copies of i^^+i in a /c-graph obtained 
from T^in) by adding one edge. The following theorem can be proved by extending the ideas 
of [21] and Theorem [7f s proof in the obvious way. 

Theorem 19. Fix r > k > 3. For every e > there exists S > and Uq such that the 
following holds for n > uq. Let Ti he a k-graph with t^{n) + q edges where q < 5n^^^ . Then 
the number of copies of L^^^ in Ti is at least q{l — e)c^^i{n). The expression q is sharp for 
1 < q < 6n^^^. Moreover, if the number of copies is less than 6nJ'^^'^~'^^^ 2 )^ then there is 
a collection of q distinct edges that each lie in (1 — e)c^^-^^{n) copies of L^_^_-^ with no two of 
these edges accounting for the same copy of L^j^^ ■ 

The exact result for this situation can also be proved using the same methods. 

Alon and Pikhurko [Ij proved that ex(n, L'^(G')) = t^{n) (for n > no) where L^(G) is the 
fc-graph obtained from an r-color critical graph G by expanding each edge of G by a new 
set of A; — 2 vertices. In [13] we had proved the corresponding counting result for L^(G) 
and those ideas combined with the ones in this paper can be used to give similar results for 
L\G). 
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